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Steiner triple systems

Definition

A Steiner triple system of order v, denoted STS(v), is a (V, B)
design with v points and each block B € B has |B| = 3 (which we
call a triple) and such that each pair of distinct elements z,y € V
occur together in exactly one triple of B.

Or in other words, an STS(v) is precisely a (v, 3,1)-BIBD.

STS(7): V ={1,...,7},
B = {123,145, 167, 246, 257, 347, 356}
STS(9): V ={1,...,9},

B = {123,456, 789,147, 258, 369, 159, 267, 348, 168, 249, 357}

A (v,3,))-BIBD is a triple system. Triple systems is the subject of
a whole book by Colbourn and Rosa (1999).
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Necessary conditions for the existence of an STS(v)

Using the same arguments as for BIBDs, we conclude that for an
STS(v), we have point replication and number of blocks given by
v—1
2

v(v—1)

6
Since 7 is an integer, we must have 2|(v — 1), i.e v odd.
Sov=1,3,5 (mod 6)
Since b is an integer, we must have 6|v(v — 1).
For v =5 (mod) 6), we cannot have 6|v(v — 1).

T =

b =

Proposition (Necessary conditions for the existence of an STS)
If an STS(v) exists, then

v=1,3 (mod 6)
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Steiner triple systems and graph decompositions

An STS(v) is equivalent to partitioning the edges of a complete
graph K, into triangles.

Ref. picture from cover book of book by Lindner and Rodger 2008
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Steiner triple systems and graph decompositions

Cyclic STS(7) is equivalent to cyclic rotation of triangles in K7.

Ref. picture from Lindner and Rodger 2008

Steiner Triple Systems Lucia Moura



STS Intro

Existence

Steiner triple systems were defined for the first time by W.S.B.
Woolhouse (prize question 1733, Lady's and Gentleman's Diary,
1844) which asked for which positive integers does a STS(v) exists.

This was solved by Rev. T.P. Kirkman, who proved in 1847 that

the necessary conditions are sufficient.

Theorem
An STS(v) exists if and only ifv = 1,3 (mod 6) J

Here we will show simpler constructions than Kirkman's: Bose and
Skolem’s constructions.
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Latin squares

We will need Latin squares to build STSs.

Definition

A Latin square of order n is an n X n array, with symbols in
{1,...,n}, such that each row and each column contains each of
the symbols in {1,...,n} exactly once.

Examples of Latin squares of order 3

11213 1132
311 3 1
2131 2113
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Latin Squares and quasigroups

Definition

A quasigroup of order n is a pair (@, o) where @ is a set of size n
and o is a binary operation on @) such that for evert pair of
elements a,b € @Q, the equations aox = b and y o a = b each have
a unique solution.

Note that the operation table for o of a quasigroup is equivalent to
a Latin square.

Examples of quasigroups of order 3

o|1l 2 3 ol 2 3
111123 111132
213|112 213121
312131 312|113
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Idempotent and symmetric Latin squares

Definition

A Latin square is idempotent if cell (i,4) contains symbol i for all
1 <1< n.

A Latin square is symmetric (or commutative) if cell (i,7) and
(7,1) contain the same symbol i.

Examples of idempotent and symmetric Latin squares:

1141253
13 412|531
3121 215|314
21 513|1|4]2
311|14|2]|5
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Idempotent and symmetric Latin squares of odd order

We can define the binary operation o that defined the Latin square
for n odd as:

1
Toy= <n—2|—) (x 4+ y) mod n.
This is idempotent since

zozx = (") (2z) mod n = (n+ 1)z mod n = z.
This is commutative since operation + in Z, is commutative.

o0 1 2 3 4
o0 1 2 0/]0|13]|1|4] 2
010|2]1 113]1(4|2]|0
112]1/0 21114120/ 3
211|012 31412|]0]3|1
4121013 |1] 4
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Bose construction for STS(v), v = 3 mod 6

Let v = 6n + 3 and let (Q, o) be an idempotent commutative
quasigroup of order 2n + 1 where @ = {0,...,2n}.

Let V =@ x {0,1,2} and define B to contain triples of two types:

Type 1: for all 0 < z < 2n, {(,0), (z,1), (z,2)}.

Type 2: for all 0 <z <y < 2n, {(x,0), (y,0), (zoy,1)},
{(#,1),(y,1), (@oy,2)}, {(#,2),(y,2), (xoy,0)}.

Proposition
The design (V, B) defined above is an STS(6n + 3). J

Practice: Do the construction for n =1 to build an STS(9) using
an idempotent symmetric Latin square of order 3.
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Bose construction in pictures

Type 1 triples.

1 2 n+1
™ . - ™ |
!
- 11
. (] “ee [] |
3 1 {
- o
' ' .o . |

Type 2 triples.

(Ref. picture from-Lindner-and Rodger 2008)
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Verification

The number of blocks is (2n + 1) + 3({220En)y
2n+1)3n+1)=(v/3)((v—-1)/2) =v(v—1)/6.
So it is enough to show that every pair of points appear in at least
one block, since the counting of blocks would then garantee that
they appear exactly once.
Consider an arbitrary pair of points (x,7) and (y,j).
o Case x =y: (x,7) & (z,j) share block {(z,0), (z,1), (z,2)}.
e Casei=j: (x,i) & (y,1) share block
{(x,1), (y,4),(x oy, (i+ 1) mod 3)}
e Case x # y, i # j: Order pairs so that j = (i + 1) mod 3.
Since we have a quasigroup, there exists a unique z such that
x oz =y. And since the quasigroup is idempotent and x # y,
we have x # z. So (z,1), (y,4) share block
{(z,7),(2,1),(roz=z0x=1y,(i+ 1) mod 3 =j)}.
Conclusion: the construction gives an STS(6n + 3). O
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Skolem construction for STS(v), v = 1 mod 6

Definition
A Latin square of order 2n is half-idempotent if cells (i,7) and
(n +1i,n + 1) contains symbol ¢ for all 1 < i < n.

We will use half-idempotent commutative Latin squares to build
STS(6n + 1).

We can build half-idempotent commutative Latin squares by
considering the table for the quasigroup (Za,,,+) and relabling the
symbols so that the diagonal has the symbols in the right order.
This relabling is possible, since x + z = 2x for € Zo,, give each
even residue of Zo,, twice.
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Examples of half-idempotent commutative Latin squares

relabling:

WIN| = O
OIWIN|F
IOl WIN
NI—=OlWw
W= IN O
Ol Wl N
NIOlWl—
RINOlW
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Skolem construction for STS(v), v = 1 mod 6

Let v = 6n + 1 and let (Q, o) be an half-idempotent commutative
quasigroup of order 2n where @ = {0,...,2n — 1}.

Let V = {o0} U (Q x {0,1,2}) and define B to contain triples of

three types:

Type 1: forall 0 <z <n-—1, {(z,0),(x,1),(z,2)}.

Type 2: forall 0 <z <n-—1, {o0, (n+ z,0),(x,1)},
{00, (n+ 2, 1), (2,2)}, {00, (n + 2,2), (z,0)}

Type 3: forall 0 <z <y <2n—1, {(z,0),(y,0),(xoy,1)},
(1), (5:1), (20 9,2}, {(@:2), (1.2), (z 0 3,0}

Proposition
The design (V, B) defined above is an STS(6n + 1). J

Practice: Do the construction for n = 1 to build an STS(7) using
an idempotent symmetric Latin square of order 2.
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Skolem construction in pictures

< o e . . .
Type 2 tip
. . . .
Type 3 triples
. . D
. P

(Ref. picture from Lindner and Rodger 2008)
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Verification

The number of blocks is b = 4n + 3(2n(2n — 1)/2) =

4n +6n% — 3n = (6n +1)6n/6 = v(v — 1)/6, so we have the right
number of blocks, and only need to verify that pair of points P, Q

occur at least once. The second coordinate is taken in Z3 so when
we write i + 1 we are doing (i + 1) mod 3.

@ P=(x,i),Q =o0: if t <n—1thenitis
{o0,(n+z,i—1),(x,7)}; if z > n, then it is in
{o0, (z,1),(x —n—1,i+1)}.

o P= (xvi)vQ = (ﬂj,j),’i # J:
if £ <n —1, then it appears in a Type 1 block.
If > n, so wlog j = ¢+ 1. Equation x oy = = has a unique
solution gy, and we know y # x since © > n. Then points
(z,1), (x,i+ 1) are in {(z,9), (y,4),(xoy =yox =mx,i+ 1)}
(Type 3).
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Verification (continued)

e Case (z,1), (y,7) with x # y. We can assume wlog = < y.
We have 3 cases to consider: 1 =3, j =i+ 1lori =75+ 1.
o (z,1),(y,4): in a Type 3 block {(z,%), (y,7), (xoy,i+ 1}}.
o (z,4),(y,i+1):
In this case, z o x = y has a unique solution z; note that z # =
since < y and x o x < x for all z (half-idempotent).
Then (z,i) & (y,i+ 1) are in
{(z,%),(z,4),(x0oz=z0x=y,i+ 1)}
o (z,j+1), (y.4):
In this case, z o y = x has a unique solution z.
If z =y then z = x + n, then the pair is in
{OO’ (y =z=n +xaj)a (:C’j + 1)}
If z # y then the pair is in
{(,4),(2,9),(yoz =z0y =25+ 1)}.
O
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