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Review BIBDs

Definition ( Balanced Incomplete Block Design)

Let v,k and X\ be positive integers such that v > k > 2. A
(v, k,\)-BIBD is a design (V, B) such that

Q |V|=uv,
@ each block contains exactly k points, and

© every pair of distinct points is contained in exactly A blocks.

We learned that in a (v, k, \)-BIBD

every point appears in r = % blocks, and there are

b= — A=Y plocks.

So a (v, k, \)-BIBD can be written (v, b, r, k, \)-BIBD where r and

b are determined by the other 3 parameters.
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Example: a (v

v = 7 points arranged in blocks of size kK = 3 such that every pair
of points appear in A = 2 blocks

124 | 126
235 | 237
346 | 341
457 | 452
561 | 563
672 | 674
713 | 715
. . _ Aw-1) _ 6
every point appears in r = = —— = 3 blocks, and there are
b=t — X6 — 3\ =Y plocks,
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Necessary conditions for the existence of a (v, k, A)-BIBD

If there exist a (v, k, A\)-BIBD then

E—1 | Xv-1)
kE(k—1) | Mv(v-—1)
v < b (Fisher’s inequality)

Note: symbol | means "divides”.

These necessary conditions are not always sufficient.
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Incidence matrices

Definition

The incidence matrix M of a (v,b,r,k,\)-BIBD (V,B) isa v x b
01-matrix, with rows indexed by the points and columns indexed by
the blocks and such that M; ; =1 if i € Bj and M; ; =0 if i € B;

For the previous (7, 14,6, 3, 2)-design, we have M:

123456789abcbde
10001011010001
11000101101000
01100010110100
10110000011010
01011000001101
00101101000110
00010110100011
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Review BIBDs

Incidence matrices

Definition
Let M be the incidence matrix of a BIBD. The dual design is the
design corresponding to the transpose of the incidence matrix M7 .

In general this design this is not a BIBD, unless v = b.

1234567
| 1101000
0110100
0011010
0001101
1000110
0100011
1010001
1100010
0110001
1011000
0101100
0010110
0001011
1000101
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Group Testing Algorithms

Group Testing

A blood test application:

@ test a large number of blood samples for a rare disease
@ because tests are expensive we combine several samples in a
group before testing
@ a NEGATIVE result means none of the samples in the group is
positive
@ a POSITIVE result means at least one of the samples in the
group is positive
Group testing aims at identifying the positive samples with a small
number of tests, making it more efficient than testing the samples
individually.
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Adaptive and non-adaptive group testing

Adaptive GT: go doing tests and using the results of previous
tests to choose new tests.
Advantage:

o efficiency; avoiding unnecessary tests.

Classical method: binary splitting O(dlogn) for n items and d
defectives (positive blood samples)

Non adaptive GT: all the tests are decided ahead of time.
Advantages:

@ potentially less overhead (tests can be organized in a
convenient manner)

e tests can be performed in parallel (important if the time to set
up a test is long).

Method: Test schedule can be created using combinatorial designs.
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Non adaptive group testing: example

$o0LLL

Test 1 Test 2 Test 3 Test 4
®00 ®0D DO dOO
fail fail pass pass
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Group Testing: applications

@ Biological applications, DNA applications (see CGT book by
Du and Hwang 1999).

@ Batch verification of digital signatures using signature
aggregation and CGT (Zaverucha and Stinson 2010).

@ Locating modifications on signed documents (Bardini Idalino
et al. 2015)
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Nonadaptive group testing schedule

Definition

Let X be a set of m elements called samples and A a set of n
subsets of X called tests. A non-adaptive group testing algorithm
(m,n)-NAGTA has threshold d if the results of tests uniquely
identifies any group of up to d defective (positive) items.

Example: X ={1,2,3,4,5,6} and

A=1{{1,2,3},{1,4,5},{2,4,6},{3,5,6}}

This is a (6,4)-NAGTA. Let's determine its threshold d.
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Consider the (6,4)-NAGTA with X ={1,2,3,4,5,6} and
A= {Al = {172>3}aA2 = {174a 5}3‘43 = {2743 6}’A4 = {3>5’6}}'

Suppose the set of defectives is U C (X).

Let's consider the tuple of results R(U) = (71,72, 73,74) Where
ri=1if A;NU # () (set A; contains a defective item) and

r; = 0, otherwise.

For example: U = {1,4} R(U) = (1110).

Note that another set of cardinality 2, U’ = {2,4} yields
R(U') = R(U).

From this we conclude the threshold d < 2.

Is the threshold d = 17
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Is the threshold d = 1 for this example?

(6,4)-NAGTA with X ={1,2,3,4,5,6} and
A={A; ={1,2,3}, 4y ={1,4,5}, A3 = {2,4,6}, Ay = {3,5,6}}.
Sets U of cardinality at most d = 1 and their results:

U | RO)
G | (0000)
1} | (1100)
{2} | (1010)
3} | (1001)
{4} | (0110)
{5} | (0101)
{61 | (0011)

Since all result vectors are distinct, the result vector will uniquely
identify the set U of defectives, if |U| < 2.
So the threshold of this (6,4)-NAGTA is d = 1.
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A construction of NAGTAs using BIBDs

Construction

Let (Y,B) be a (v,b,r,k,1)-BIBD, and let (X, .A) be the dual
incidence structure (i.e. the design whose transpose is the
incidence matrix of (Y, B)). We use (X, .A) as a (b,v)-NAGTA.
We will show d =k — 1

Example: (Y, B) is the (9,3,1)-BIBD we have seen before:
B = {123,456, 789, 147, 258, 369, 159, 267, 348, 168, 249, 357}
(X,A) is a (12,9)-NAGTA with
Ay = {1,4,7,10}, Ay = {1,5,8,11}, A3 = {1,6,9,12}
Ay =1{2,4,9,11}, A5 = {2,5,7,12}, Ag = {2,6,8,10}

A7 =1{3,4,8,12}, Ag = {3,5,9,10}, Ag = {3,6,7,11}
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Let's look at incidence matrix of the (9,3, 1)-BIBD:

By By Bs By Bs Bs By Bs By By Bin B
1] 1 0 0 1 0 0 1 0 0 1 0 0
211 0 0 0 1 0 0 1 0 0 1 0
311 0 0 0 0 1 0 0 1 0 0 1
410 1 0 1 0 0 0 0 1 0 1 0
51 0 1 0 0 1 0 1 0 0 0 0 1
6| 0 1 0 0 0 1 0 1 0 1 0 0
71 0 0 1 1 0 0 0 1 0 0 0 1
8| 0 0 1 0 1 0 0 0 1 1 0 0
91 0 0 1 0 0 1 1 0 0 0 1 0

This gives a (12,6)-NAGTA with d = 2.
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(b,v)-NAGTAs with threshold & — 1 from (v, k, 1)-BIBDs

Theorem

If there exists a (v, b,r, k,1)-BIBD, then there exists a
(b,v)-NAGTA with threshold k — 1.

Proof. Consider the given construction and let U with |[U| <k —1
and let 7(U) be the result vector. First, note that

UvcX \ U{A,‘EA:n:O} A

We claim that since the NAGTA is the dual of a BIBD with A =1,
U =X \Uga,eanr=o A

This is true, otherwise there exists x ¢ U such that

¢ & Ura,ear;—op A In other words z ¢ U and r; = 1 for every 4;
such that z € A;.

There are k such sets and each of them must contain an element
of U. But since A =1 each of these elements that occur together
with x in a block must be all different. So |U| > k, contradicting

our assumption. [
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Algorithm to identify U from the (b, v)-NAGTA results

Algorithm IDENTIFY (R(V))

U 0
for i < 1 to b do

MTJi] < 1;
for j « 1 to v do

if r; = 0 then

for each z € Aj do Mx] « 0;

for i < 1 to b do

if M[i]=1then U «— U U{i};
if |U| <k —1 then return U

else return(” the positive subset has size at least £");
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