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Abstract—Fading correlation is one of the fundamental limits
on the performance of multi-antenna systems. Accurate
modeling of the angular power distribution (pdf) is essential
for accurate prediction of correlation. Previous studies were
limited to the case of single-cluster distribution or uniform pdf.
Measurements indicate that multipath often arrives in several
angular clusters and with non-uniform angular cluster pdf. We
begin with the popular Salz-Winters model and extend it to the
case of multi-cluster channel and to the case of non-uniform
cluster pdf. Generic model as well as various approximations,
which result in compact closed-from expressions, are studied in
detailed. It is shown that the correlation in two clusters channel
has an oscillatory behavior as antenna spacing increases
regardless of multipath AOA distributions; the envelope of
correlation is determined by a single cluster angular spread
while the oscillations within the envelope are determined by the
inter-cluster angular spread. There exist two type of
correlation zeros, which can be beneficially used in system
design. The cluster angular pdf has negligible impact on the
MIMO capacity and, hence, simpler uniform model can be
used without degradation in accuracy.

Index Terms—Wireless propagation channel, fading
correlation, MIMO capacity

L INTRODUCTION

Understanding of spatial fading correlation is crucial for
accurate prediction of multi-antenna (MIMO) system
performance. It is well know that the fading correlation in
spatially separated antennas depends on the angular
distribution of the incoming multipath [1]. While some
special cases of the angular pdf have been investigated [1-
7], no detailed understanding of the problem has been
achieved so far. Most studies were limited to the case of
single cluster with uniform [1-3] or non-uniform pdf [4-7].
Only preliminary studies of multi-cluster channels have
been reported [3-5]. It is important to understand the
correlation behavior of multi-clustered channels with non-
uniform pdf since measurements of practical channels
indicated that multipath often arrives in multiple clusters
and with non-uniform angular pdf [6,7].

In this paper, we extend Salz-Winters model (single
cluster with uniform pdf) to account for more than one
cluster and study the effect of clustering with different
angular pdfs in details. The emphasis is on analytical
analysis, which is further validated using Monte-Carlo
simulations. Compact approximate expressions for the
correlation coefficient with various angular distributions are
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derived. A case of two symmetrical clusters is studied in
details, including uniform, truncated Gaussian, truncated
Laplacian and generic angular pdfs. Using the developed
correlation models and the technique presented in [2,3], we
study the MIMO channel capacity. In particular, we
demonstrate that the angular pdf has negligible effect on the
MIMO channel capacity provided that the distribution
parameters (i.e. angular spread and mean AOA) are fixed.

II. SINGLE-CLUSTER CHANNEL MODEL

In this model, all the multipath components are assumed to
arrive to the Rx array within +D/2 of the mean angle of
arrival (AOA) | (see fig. 1) in the horizontal plane (i.e., this
is a 2-D model). The AOA probability density function is
assumed to be uniform,

_11/D, -D/2+j £q£D/2+4j

fola)=i (1)

0, otherwise

Fig. 1. Incoming multipath signals arrive to the linear antenna array
within £D/2 of mean angle |

In a general case, the normalized correlation between two
array elements of a uniform linear array (ULA) can be
expressed as

R(z) = (‘)ppfq (q)exp[jzsin q] dq 2)
where z=2pd/l , d is the element spacing, | is the
wavelength, and j is the imaginary unit. Without loss of
generality, we further assume that | =1. To improve the
computational efficiency, a simple but still accurate
approximation for small D<<1 has been derived using

sinb » b (valid for small b) [3]:
R, (z) » exp(jzsinj )sinc(chosj /2) 3)

where sinc(x) =sin (x)/ (x) . If the AOA pdf is modeled as
truncated Gaussian distribution



fq(a)= = expG- z (o) 9 -ptj EqQEPH (4
T

where Q, =1/erf(9,) , 9, =p/(\/2s,) , the spatial
correlation can be approximated as [4]

R, (z) »exp(jzsinj - (ngcosj )2/2) (5)

The angular spread of the uniform pdf is S, = D/(Z\/E) . For
truncated Gaussian distribution it is given by

. -1
S, =sg\/l- ©g,erf (g, )exp(@)l

and for small variance s, <1, g, >1 and S, »s,. By

setting the same angular spread for both distributions,
S, =8, (hences, » D/(2\/§) ), it can be shown that (3) and

(5) have similar expansion terms [4],
R, (:)=4- %(Szcosj )+

R, (z) = gl- %(Szcosj )2 +%(Szcosj )4 Eexp(jzsinj ) (7)

These approximations are provided  that
Sz|cosj |<l . As experimental results demonstrate, the

é(sz cosj )* gexp(jzsinj ) (6)
u

correct

AOA pdf is best approximated by the truncated Laplacian
distribution [6,7]. Following this observation, we further
examine the Laplacian pdf in details. The AOA pdf can be
presented as

= 3
fq(Q):ﬁ; X0 |Sq[ il
I ﬂ

where Q; =1/[1- exp(- g;)] and g, :\/Ep/sl . Combining
(8) and (2) and using the same approximation as in (3), one
obtains

-pti £EqEpt] (8)

R, (z) » exp(jzsinj )g(zcosj ) )
g(x) _ exp(- gl)g)x&in(px)/g, - cos(px)gﬂ
(1- exp(- 6)) @+ (pe/g) 8

for small s, <1, g >1 and g(x) can be further

approximated as
. -1
g(x)» Q+(sx)" /28 (10)

Further, by using the well-known Taylor expansion for
1/(1+x), the first three terms of the approximation (10) are

4 1 . 1 zsin
R (z) »g- E(s,zcosj )2 +4(s,zcosj ) He’ J (11)

Note that the angular spread for the Laplacian distribution is

S; —s,\/
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For small angular spread (S, <1), O, »1 and §; »s, .
Hence truncating the distribution’s tails to [-p,p] have

negligible effect on the angular spread (as compared to non-
truncated distribution). Using the same angular spread for

different pdfs, i.e. S, =S, =S, and 5, =s, = D/24/3 , and

comparing (6), (7) and (11), one can immediately explain
the claim in [4] that the approximation (6) is slightly
optimistic (lower correlation) when compared to the
Laplacian distribution and slightly pessimistic (higher
correlation) when compared to the uniform one: this is true
because the third term in the (6) is larger than that of (7) and
smaller than that of (11).

We conclude that the assumption of uniform angular pdf
does not limit significantly the accuracy of the single cluster
angular model. As we have shown above, the non-uniform
pdf models (Laplacian and truncated Gaussian) produce
roughly the same results in terms of the correlation provided
that the angular spread is the same for all the distributions.
Intuitively, it can be explained by the fact that correlation is
an integral of the angular pdf (see (2)). Hence, all the local

variations in f (q) are smoothed out during the integration

and do not affect significantly the final result, i.e. this is a
second-order effect. Since system performance is not
affected significantly when the correlation is less than 0.5
(this is precisely where the difference between the models is
the largest), the performance predictions based on different
models will be roughly the same (see Fig. 6). Similar
conclusion has also been obtained in [4]. Since uniform
distribution is much easier to work with, it should be used
for the system performance prediction, which will not result
in significant inaccuracy.

I1I. TwO-CLUSTER MODEL

The single cluster channel model has been generalized to
multiple clusters [3-5]. In particular, [3] has discussed the
two-cluster channel model with uniform pdf in details,
including case studies. In order to get some insight into
correlation behavior of a multi-cluster channel with different
AOA pdfs, let us now study the two-cluster model in more
detail.

A. Two symmetric clusters with uniform pdf

In this case, the angular pdf can be expressed as
i1 ] -D/2+j £qED/2+j,
fg(q)=l'2D’% -D/2+],£EQED/2+j,

{0, elsewhere

(12)
The scenario is illustrated in Fig. 2. For two symmetric

clusters,j , =-j , =] , the spatial correlation is [3],

R(z) :Jo(z)+2é Iy, (2) cos(2mj )sin(mD)
m=1 mD

(13)



Fig. 2. Incoming multipath is concentrated in two clusters.
and, for small angular spread, can be approximated as
R(z) » cos(zsin]j )sinc(chosj /2) (14)

There exist two different types of correlation zero
points R =0. The element spacing at these points is

iom _

L m =1,3,5,-,(2k - 1),

’[ 4sinj : ( )

0=

i m

f Dcosj
First-type zeros (top) are due to the cosine factor in (14) and
the second-type zeros (bottom) are due to the sinc factor.
The spacing between first-type zeros is Dd,,, =1/(2sinj )

(15)

m, :],2’3’...’k,...

and it does not depend on the angular spread D; the zero
spacing of the second- type zeros is Dd, =1/(Dcosj ) and
it does depend on the angular spread — the larger the spread
the smaller the spacing. The second- type zeros are the same
as for the single cluster model (see eq. 3). The minimum
spacing for the first-type zeros is dp ,, =1/(4sinj ) and
the minimum spacing for the second-

isdgy yin =1/(Dcos] ).

type zeros

B. Two symmetric clusters with Laplacian pdf

Consider two clusters with equal cluster power allocation
and with AOA pdf of each cluster being Laplacian one,

F(q) :%fL(q,J )+%fL(q,-j ) (16)

where f;(q,j ) is the Laplacian pdf given by (8). Using the

same technique as in the previous case, the spatial
correlation can be expressed as

R(z) » cos(zsinj )g(zcosj ) (17)

where g(z Ccos]j ) is approximated by (10) for small angular

spread. Comparing (17) and (14), one can see that the
approximations for spatial correlation with uniform and
Laplacian pdf have the same factor (cosine), which results in
oscillations, and different factors that form the envelope:
sinc for the uniform pdf and (10) for the Laplacian one. The
common factor (cosine) results in the same first type of
zeros, located at
—_Mm
0 4sinj
Figure 3 compares approximation (17) with numerical
results obtained using Monte-Carlo simulation. Clearly, the
agreement is good, including zero locations, which is

> My :153a55"'5(2k_ 1):

doimin =0.51 , Ddy; =1 in this case. Note also that the

second-type zeros are missing in this case, which is
consistent with (17) and (10) (since g(x) is monotonically
decreasing function).

T—
—— Envelop
0.8 —<— Approximation b
—&— Monte-Carlo
0.6 B
\
0.4+ R~ B
0.2t . B
% 2 4 6 8 10
d/l

Fig. 3. Correlation coefficient versus element spacing for the case
of two symmetric clusters. D=10°, j =30° with Laplacian pdf

Fig 4 compares correlations predicted by the different
models considered above. Clearly, the uniform and
Laplacian distributions give the most pessimistic and most
optimistic predictions, respectively, which is in the

agreement with the arguments above. The Gaussian
distribution is “in-between”.
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Fig 4. Correlation coefficient versus element spacing for the case
of two symmetric clusters. D=10°, j =30° with uniform, Gaussian
and Laplacian pdf

C. Two symmetric clusters with general pdf

Consider a single-cluster model with generic AOA pdf
f(q,j ) and assume that the angular spread is small, i.e.

£(9,j ) has non-negligible values for ql [j - D,j +D] and
D<<1. Then, (2) can be approximated as

R(z) » exp(jzsinj )G (zcosj ) (18)
\D .
where G(x) = Q_exp(jxa)f (a)dq and f(q,0)= f(q) . If
the angular pdf is symmetrical about the mean
AOA, f(0,0) = /(- 0,0), then
D
G(x)= 2Q cos(x0)f (a)dq (19)



Let us now consider the two-cluster case with equal power
allocation (per cluster),

F(q)=%f(q-j)+%f(q+j) ,

under the same assumptions as above. The correlation is
then approximated as

R(z) » cos(zsinj )>G(zcosj ) (20)
where G(x) is still given by (19). Comparing (18) and (20),
it is clear that the magnitude of (18) is the envelope of (20).
Hence, for any AOA pdf two clusters produce oscillations in
the correlation due to constructive and destructive addition
of their individual contributions (i.e. cosine factor in (20)).
Hence, the first-type zeros are the same as for uniform pdf
(see (14)); they are not affected by the angular pdf with the
clusters. On the contrary, the second-type zeros depend on
the angular pdf and may be missing in some cases (i.e.
Laplacian and Gaussian distributions).

Good system performance (capacity, diversity gain etc.)
requires for low (ideally — zero) correlation. Normally, this
is accomplished by setting d large enough. However, as [3]
demonstrated, in a two-cluster scenario with uniform pdf the
spatial correlation oscillation effect can be beneficially used
to achieve low correlation by setting the spacing d at the
first type of zeros d =dg; y, =1/(4sinj) . Here we
generalize this conclusion for any angular distribution in
two-cluster symmetric model. Some restrictions may apply
for setting antenna spacing to achieve zero correlation in
multiple antenna systems [3].

Iv. MULTI-CLUSTER CHANNEL
It is straightforward to extend the results above to a multi-

cluster model. Assuming equal power allocation for all the
clusters, the angular pdf can be presented as

N
F(q)=%é_1f(<1-i ) @)

where f(q) is the single-cluster pdf when the mean AOA is
zero, and | , is the mean AOA of i-th cluster. When angular

spread of each cluster is small,
R(2) »%é e iG (zcosj ;) (22)
i=1
where G is given by (19). In the case of Laplacian cluster
pdf, it can be approximated by (10) and in the case of
Gaussian cluster pdf it can be approximated by

G (x)»exp[- (s %) /2)

V. MIMO CAPACITY

Using the approach of [2] and the correlation models above,
the MIMO capacity can be evaluated. As an example, we
consider a two-cluster channel with 20 i.i.d. multipath

components arriving at each cluster; j , =-30°,j , =30°

(i.e., symmetric). The transmit array elements are assumed
to be uncorrelated — all the correlation is concentrated at the
Rx end. The mean capacity of the channel is shown in Fig.
5. Clearly, given the same parameters (i.e. angular spread
and the mean AOA), all the different pdfs result in almost
the same MIMO capacity. Comparison with the correlation
curve indicates that the peaks of correlation correspond to
notches of the capacity and vise versa. Also, the capacity
oscillations, which do not appear in the single-cluster model
[2], are apparent.
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Fig. 5. 10x10 MIMO capacity of a two-cluster channel for various
multipath AOA pdf with angular spread s ,=8, = 59743, SNR=20

dB / antenna.
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